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Some New Inequalities of Dirichlet Eigenvalues for
Laplace Operator with any Order
Na Huang ∗, Pengcheng Niu †
Abstract. In this paper, we establish several inequalities of Dirichlet eigenvalues for
Laplace operator ∆ with any order on n-dimensional Euclidean space. These inequalities
are more general than known Yang’s inequalities and contain new consequences. To obtain
them, we borrow the approach of Illias and Makhoul, and use a generalized Chebyshev’s
inequality.
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1 Introduction
The following Dirichlet problem
 (−∆)
l
u = λu, in Ω,
u = ∂u
∂ν
= · · · = ∂l−1u
∂νl−1
= 0, on ∂Ω
(1.1)
has been extensively considered, where ∆ is the Laplacian: ∆ =
n∑
j=1
∂2
∂x2j
, l is any positive
integer, Ω is a bounded domain in the Euclidean space Rn, ν is the outward unit normal
on ∂Ω.
When l = 1, Payne, Po´lya and Weinberger in [9] showed the following inequality (the
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PPW inequality)
λk+1 − λk ≤ 4
nk
k∑
r=1
λr.
The inequality (the HP inequality)
k∑
r=1
λr
λk+1 − λr ≥
nk
4
was due to Hile and Protter in [4]. Yang in [10] proved some important eigenvalue esti-
mates, which are Yang’s first inequality
k∑
r=1
(λk+1 − λr)2 ≤ 4
n
k∑
r=1
(λk+1 − λr)λr
and Yang’s second inequality
λk+1 ≤
(
1 +
4
n
)
1
k
k∑
r=1
λr.
When l = 2, the estimate
λk+1 − λk ≤ 8(n+ 2)
n2k
k∑
r=1
λr
was derived by Payne, Plya and Weinberger in [9]. Chen and Qian in [1] and Hook in [5]
proved respectively
n2k2
8(n+ 2)
≤
k∑
i=1
λ
1
2
i
λk+1 − λi
k∑
i=1
λ
1
2
i .
The following inequality
k∑
i=1
(λk+1 − λi) ≤
(
8(n+ 2)
n2
) 1
2
k∑
i=1
(λi(λk+1 − λi))
1
2
was gotten by Cheng and Yang [3].
For any positive integer l, Chen and Qian [1] and Hook [5] independently obtained
n2k2
4l (n + 2l − 2) ≤
k∑
i=1
λ
1
l
i
λk+1 − λi
k∑
i=1
λ
l−1
l
i , k = 1, 2, · · ·.
The inequality
k∑
i=1
(λk+1 − λi)2 ≤ 4l(n+ 2l − 2)
n2
k∑
i=1
(λk+1 − λi)λi
2
was concluded by Cheng, Ichikawa and Mametsuka in [2]. Ilias and Makhoul in [7] exhib-
ited a new abstract formula relating eigenvalues of a self-adjoint operator and deduced
Yang type inequality for Dirichlet eigenvalues of sub-Laplacian with any order on the
Heisenberg group, in the light of Chebyshev’s inequality.
In this paper, we will give several new estimates of Dirichlet eigenvalues to (1.1) by
combining the approach of Ilias and Makhoul in [8] and using a generalized Chebyshev’s
inequality in [6]. For convenience, we denote L = −∆ and assume always that λi+1 >
λi, i = 1, 2, · · ·, in the sequel. The main results of this paper are the following Theorem
1.1 and its corollaries.
Theorem 1.1 Let {λi} be the eigenvalues of (1.1), then
k∑
i=1
(λk+1 − λi)α
≤ 2
√
l(n + 2l − 2)
n
[
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i
] 1
2
[
k∑
i=1
(λk+1 − λi)2α−β−1λ
1
l
i
] 1
2
, (1.2)
where α ∈ R and β ≥ 0 such that α2 ≤ 2β.
Remark 1.1 Inequality (1.2) is the generalization of Yang’s inequality. Some conse-
quences are easily deduced from (1.2) and new inequalities are listed now.
(1) Let 2α− β − 1 = 0, then
k∑
i=1
(λk+1 − λi)α ≤ 2
√
l(n+ 2l − 2)
n
[
k∑
i=1
(λk+1 − λi)2α−1λ
l−1
l
i
] 1
2
[
k∑
i=1
λ
1
l
i
] 1
2
,
where α ∈ [2−√2, 2 +√2].
(2) When α = β = 1, it follows
k∑
i=1
(λk+1 − λi) ≤ 2
√
l(n + 2l − 2)
n
[
k∑
i=1
(λk+1 − λi)λ
l−1
l
i
] 1
2
[
k∑
i=1
λ
1
l
i
] 1
2
.
(3) When α = 1
2
, and β ≥ 1
8
, we have
k∑
i=1
(λk+1 − λi) 12 ≤ 2
√
l(n+ 2l − 2)
n
[
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i
] 1
2
[
k∑
i=1
(λk+1 − λi)−βλ
1
l
i
] 1
2
.
(4) When α = −1, and β ≥ 1
2
, then
k∑
i=1
(λk+1 − λi)−1 ≤ 2
√
l(n+ 2l − 2)
n
[
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i
] 1
2
[
k∑
i=1
(λk+1 − λi)−β−3λ
1
l
i
] 1
2
.
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We note that the forms in (3) and (4) are never seen previously.
Corollary 1.1 We have
k∑
i=1
(λk+1 − λi)2 ≤ 2
√
l(n + 2l − 2)
n
[
k∑
i=1
(λk+1 − λi)2λ
l−1
l
i
] 1
2
[
k∑
i=1
(λk+1 − λi)λ
1
l
i
] 1
2
.
(1.3)
Corollary 1.2 It holds
λk+1 − λk ≤ 4l(n + 2l − 2)
n2k2
(
k∑
i=1
λ
l−1
l
i
)(
k∑
i=1
λ
1
l
i
)
. (1.4)
Corollary 1.3 We have
k∑
i=1
(λk+1 − λi)α
≤ 2
√
l(n+ 2l − 2)
n
[
k∑
i=1
(λk+1 − λi)β
] 1
2
[
k∑
i=1
(λk+1 − λi)2α−β−1λi
] 1
2
, (1.5)
where α ∈ R, β ≥ 0 and α2 ≤ 2β.
Corollary 1.4 Yang type first inequality for (1.1) holds:
k∑
i=1
(λk+1 − λi)2 ≤ 4l(n + 2l − 2)
n2
k∑
i=1
(λk+1 − λi)λi. (1.6)
Corollary 1.5 We have the Payne-Po´lya-Weinberger Type inequality
λk+1 − λk ≤ 4l(n+ 2l − 2)
n2k
k∑
i=1
λi. (1.7)
Corollary 1.6 The Yang type second inequality holds:
λk+1 ≤
(
1 +
4l(n+ 2l − 2)
n2
)
1
k
(
k∑
i=1
λi
)
. (1.8)
This paper is arranged as follows. Section 2 is devoted to the description of known
results and some elementary inequalities. The proofs of Theorem 1.1 and Corollaries
1.1-1.6 are given in Section 3.
2 Preliminaries
Definition 2.1(see [7]) A couple (f, g) of functions f and g on the interval (0, λ)
(λ > 0) is said to belong to χλ provided that
4
(1) f and g are positive;
(2) f and g satisfy(
f(x)− f(y)
x− y
)2
+
(
(f(x))2
g(x)(λ− x) +
(f(y))2
g(y)(λ− y)
)(
g(x)− g(y)
x− y
)
≤ 0,
for any x, y ∈ (0, λ), x 6= y.
Lemma 2.1(see [6]) Let (f, g) ∈ χλ, then g must be nonincreasing; if f(x) = (λ− x)α,
g(x) = (λ− x)β , then α2 ≤ 2β.
Definition 2.2(see [7]) For any two operators A and B, their commutator [A,B] is
defined by [A,B] = AB − BA.
Lemma 2.2 For p = 1, 2, · · ·, n, we have
Ll(xpui) = xpL
lui − 2lLl−1 ∂
∂xp
ui, (2.1)
[
Ll, xp
]
ui = −2lLl−1 ∂
∂xp
ui. (2.2)
Proof. When l = 1, we have
∂
∂xj
(xpui) =
(
∂
∂xj
xp
)
ui + xp
(
∂
∂xj
ui
)
and
∂2
∂x2j
(xpui) = 2
(
∂
∂xj
xp
)(
∂
∂xj
ui
)
+ xp
(
∂2
∂x2j
ui
)
.
Hence
L(xpui) = (−∆)(xpui) = xpLui − 2 ∂
∂xp
ui,
and (2.1) is proved.
Assuming (2.1) is true for l − 1, direct calculations show
Ll−1(xpui) = xpL
l−1ui − 2(l − 1)Ll−2 ∂
∂xp
ui
and
Ll(xpui) = L(L
l−1(xpui))
= L(xpL
l−1ui − 2(l − 1)Ll−2 ∂∂xpui)
= xpL
lui − 2lLl−1 ∂∂xpui.
So (2.1) is valid for l.
Noting [
Ll, xp
]
ui = L
l(xpui)− xpLlui = −2lLl−1 ∂
∂xp
ui,
5
it follows (2.2).
Lemma 2.3(see [7]) Let A: D ⊂ H → H be a self-adjoint operator defined on a dense
domain D, which is semibounded below and has a discrete spectrum λ1 ≤ λ2 ≤ λ3 · ··. Let
{Tp : D → H}np=1 be a collection of skew-symmetric operators and {Bp : Tp(D)→ H}np=1
a collection of symmetric operators, leaving D invariant. We denote by {ui}ni=1 a basis of
orthonormal eigenvectors of A, ui corresponding to λi and let λk+1 ≥ λk, k ≥ 1. Then for
any (f, g) in χλk+1, it follows(
k∑
i=1
n∑
p=1
f(λi) 〈[Tp, Bp] ui, ui〉
)2
≤ 4
(
k∑
i=1
n∑
p=1
g(λi) 〈[A,Bp] ui, Bpui〉
)(
k∑
i=1
n∑
p=1
(f(λi))
2
g(λi)(λk+1 − λi)‖Tpui‖
2
)
. (2.3)
Lemma 2.4(see [6]) For γ ≥ 1, si ≥ 0, i = 1, · · ·, k, it follows(
k∑
i=1
si
)γ
≤ kγ−1
k∑
i=1
s
γ
i .
Lemma 2.5(Chebyshev’s inequality, [8]) If (ak − aj) (bk − bj) ≤ 0 for any nonnegative
k, j, then
n∑
i=1
aibi ≤ 1
n
(
n∑
i=1
ai
)(
n∑
i=1
bi
)
.
Lemma 2.6(generalized Chebyshev’s inequality, see [6]) If A1 ≥ A2 ≥ · · · ≥ Ak ≥ 0,
0 ≤ B1 ≤ B2 ≤ · · · ≤ Bk, 0 ≤ C1 ≤ C2 ≤ · · · ≤ Ck, then it implies that for α2 ≤ 2β,
k∑
i=1
A
β
i Bi
k∑
i=1
A
2α−β−1
i Ci ≤
k∑
i=1
A
β
i
k∑
i=1
A
2α−β−1
i BiCi. (2.4)
By Lemma 2.6, we immediately have
Corollary 2.1(see [2]) If A1 ≥ A2 ≥ · · · ≥ Ak ≥ 0, 0 ≤ B1 ≤ B2 ≤ · · · ≤ Bk,
0 ≤ C1 ≤ C2 ≤ · · · ≤ Ck, then we have that for α2 ≤ 2β,
n∑
i=1
A2iBi
n∑
i=1
AiCi ≤
n∑
i=1
A2i
n∑
i=1
AiBiCi.
Lemma 2.7(see [1]) Let λi, i = 1, 2, · · ·, be the eigenvalues of (1.1), and ui the
corresponding eigenfunctions, then
∫
Ω
uiL
kui =
∫
Ω
∣∣∇kui∣∣2 ≤
(∫
Ω
uiL
lui
) k
l
= λ
k
l
i , k = 1, · · ·, l − 1,
6
where
∇k ≡

 ∆
k
2 , if k is even,
∇
(
∆
k−1
2
)
, if k is odd.
3 Proofs of results
Proof of Theorem 1.1. We apply (2.3) with A = Ll = (−∆)l, B1 = x1, · · ·, Bn =
xn, T1 =
∂
∂x1
, · · ·, Tn = ∂∂xn , f(x) = (λ− x)α, g(x) = (λ− x)β , and obtain(
k∑
i=1
n∑
p=1
(λk+1 − λi)α
〈[
∂
∂xp
, xp
]
ui, ui
〉
L2
)2
≤ 4
(
k∑
i=1
n∑
p=1
(λk+1 − λi)β
〈[
Ll, xp
]
ui, xpui
〉
L2
)
×
(
k∑
i=1
n∑
p=1
(λk+1 − λi)2α−β−1
∥∥∥∥ ∂∂xpui
∥∥∥∥
2
L2
)
. (3.1)
Since [
∂
∂xp
, xp
]
ui =
∂
∂xp
(xpui)− xp ∂
∂xp
ui = ui,
and 〈[
∂
∂xp
, xp
]
ui, ui
〉
L2
= 1,
it arrives at(
k∑
i=1
n∑
p=1
(λk+1 − λi)α
〈[
∂
∂xp
, xp
]
ui, ui
〉
L2
)2
=
(
n
k∑
i=1
(λk+1 − λi)α
)2
. (3.2)
By (2.1) and (2.2), it follows
〈[
Ll, xp
]
ui, xpui
〉
L2
= −2l ∫
Ω
xpuiL
l−1 ∂
∂xp
ui = −2l
∫
Ω
∂
∂xp
uiL
l−1(xpui)
= −2l ∫
Ω
∂
∂xp
ui
{
xpL
l−1ui − 2(l − 1)Ll−2 ∂∂xpui
}
= 2l
∫
Ω
xpuiL
l−1 ∂
∂xp
ui + 2l
∫
Ω
uiL
l−1ui − 4l(l − 1)
∫
Ω
uiL
l−2 ∂2
∂x2p
ui,
hence 〈[
Ll, xp
]
ui, xpui
〉
L2
= l
∫
Ω
uiL
l−1ui − 2l(l − 1)
∫
Ω
uiL
l−2 ∂
2
∂x2p
ui.
7
We see from Lemma 2.7 that
n∑
p=1
〈[
Ll, xp
]
ui, xpui
〉
L2
= l(2l + n− 2) ∫
Ω
uiL
l−1ui
≤ l(2l + n− 2)(∫
Ω
uiL
lui
) l−1
l
= l(2l + n− 2)λ
l−1
l
i
and
k∑
i=1
n∑
p=1
(λk+1 − λi)β
〈[
Ll, xp
]
ui, xpui
〉
L2
≤ l(2l + n− 2)
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i . (3.3)
Since
n∑
p=1
∥∥∥∥ ∂∂xpui
∥∥∥∥
2
L2
=
∫
Ω
uiLui ≤
(∫
Ω
uiL
lui
) 1
l
= λ
1
l
i ,
it yields
k∑
i=1
n∑
p=1
(λk+1 − λi)2α−β−1
∥∥∥∥ ∂∂xpui
∥∥∥∥
2
L2
≤
k∑
i=1
(λk+1 − λi)2α−β−1λ
1
l
i . (3.4)
Instituting (3.2), (3.3) and (3.4) into (3.1), we have
(
n
k∑
i=1
(λk+1 − λi)α
)2
≤ 4l(2l+n−2)
(
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i
)(
k∑
i=1
(λk+1 − λi)2α−β−1λ
1
l
i
)
and Theorem 1.1 is proved.
Proof of Corollary 1.1. To obtain (1.3), it suffices to take α = β = 2 in (1.2).
Proof of Corollary 1.2. When 1 ≤ α = β ≤ 2, we have from (1.2) that
(
n
k∑
i=1
(λk+1 − λi)α
)2
≤ 4l(2l+n−2)
(
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i
)(
k∑
i=1
(λk+1 − λi)2α−β−1λ
1
l
i
)
.
Applying Lemma 2.5 to
(
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i
)
and
(
k∑
i=1
(λk+1 − λi)2α−β−1λ
1
l
i
)
, it follows
(
k∑
i=1
(λk+1 − λi)α
)2
≤ 4l(2l + n− 2)
n2k2
(
k∑
i=1
(λk+1 − λi)β
)(
k∑
i=1
(λk+1 − λi)2α−β−1
)(
k∑
i=1
λ
l−1
l
i
)(
k∑
i=1
λ
1
l
i
)
=
4l(2l + n− 2)
n2k2
(
k∑
i=1
(λk+1 − λi)α
)(
k∑
i=1
(λk+1 − λi)α−1
)(
k∑
i=1
λ
l−1
l
i
)(
k∑
i=1
λ
1
l
i
)
8
and then
k∑
i=1
(λk+1 − λi)α ≤ 4l(2l + n− 2)
n2k2
(
k∑
i=1
(λk+1 − λi)α−1
)(
k∑
i=1
λ
l−1
l
i
)(
k∑
i=1
λ
1
l
i
)
,
so
k∑
i=1
(λk+1 − λi)α−1
(
(λk+1 − λk)− 4l(2l + n− 2)
n2k2
(
k∑
i=1
λ
l−1
l
i
)(
k∑
i=1
λ
1
l
i
))
≤ 0.
Since λi ≤ λk for all i ≤ k, we have (1.4).
Proof of Corollary 1.3. We have from Theorem 1.1 that(
k∑
i=1
(λk+1 − λi)α
)2
≤ 4l(2l + n− 2)
n2
(
k∑
i=1
(λk+1 − λi)βλ
l−1
l
i
)(
k∑
i=1
(λk+1 − λi)2α−β−1λ
1
l
i
)
and show (1.5).
Proof of Corollary 1.4. Let us take α = β = 2 in (1.5) to obtain (1.6).
Proof of Corollary 1.5. When α = β = 2, we know from Corollary 1.3 that
k∑
i=1
(λk+1 − λi)α ≤ 4l(n + 2l − 2)
n2
(
k∑
i=1
(λk+1 − λi)α−1λi
)
. (3.5)
Using Lemmas 2.4 and 2.5, it implies
k∑
i=1
(λk+1 − λi)α ≥ 1
kα−1
(
k∑
i=1
(λk+1 − λi)
)α
≥
(
k∑
i=1
(λk+1 − λi)
)α−1
(λk+1 − λk)
and
4l(n+ 2l − 2)
n2
k∑
i=1
(λk+1 − λi)α−1λi ≤ 4l(n+ 2l − 2)
n2k
(
k∑
i=1
(λk+1 − λi)α−1
)(
k∑
i=1
λi
)
,
then from (3.5) that(
k∑
i=1
(λk+1 − λi)
)α−1
(λk+1 − λk) ≤ 4l(n + 2l − 2)
n2k
(
k∑
i=1
(λk+1 − λi)α−1
)(
k∑
i=1
λi
)
.
Since (
k∑
i=1
(λk+1 − λi)
)α−1
≥
k∑
i=1
(λk+1 − λi)α−1,
we have (1.7).
Proof of Corollary 1.6. When 1 ≤ α = β ≤ 2, we have from Corollary 1.3 that
k∑
i=1
(λk+1 − λi)α ≤ 4l(n + 2l − 2)
n2
k∑
i=1
(λk+1 − λi)α−1λi,
9
then
λk+1
k∑
i=1
(λk+1 − λi)α−1 −
k∑
i=1
(λk+1 − λi)α−1λi ≤ 4l(n + 2l − 2)
n2
k∑
i=1
(λk+1 − λi)α−1λi,
i.e.,
λk+1
k∑
i=1
(λk+1 − λi)α−1 ≤
(
1 +
4l(n+ 2l − 2)
n2
) k∑
i=1
(λk+1 − λi)α−1λi.
By Lemma 2.5, it follows
(
1 +
4l(n + 2l − 2)
n2
) k∑
i=1
(λk+1 − λi)α−1λi
≤
(
1 +
4l(n + 2l − 2)
n2
)
1
k
(
k∑
i=1
(λk+1 − λi)α−1
)(
k∑
i=1
λi
)
and (
λk+1 −
(
1 +
4l(n + 2l − 2)
n2
)
1
k
(
k∑
i=1
λi
))(
k∑
i=1
(λk+1 − λi)α−1
)
≤ 0.
Since
(
k∑
i=1
(λk+1 − λi)α−1
)
≥ 0, it implies (1.8).
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